Abstract. In an improper colouring an edge uv for which, c(u) = c(v) is called a bad edge. The notion of the chromatic completion number of a graph G denoted by ζ(G), is the maximum number of edges over all chromatic colourings that can be added to G without adding a bad edge. We introduce stability of a graph in respect of chromatic completion. We prove that the set of chromatic completion edges denoted by E χ (G), which corresponds to ζ(G) is unique if and only if G is stable in respect of chromatic completion. Thereafter, chromatic completion and stability is discussed in respect of Johan colouring. The difficulty of studying chromatic completion with regards to graph operations is shown by presenting results for two elementary graph operations.
Introduction
For general notation and concepts in graphs see [1, 2, 13] . Unless stated otherwise, all graphs will be finite and simple, connected graphs with at least one edge. The set of vertices and the set of edges of a graph G are denoted by, V (G), E(G), respectively. The number of vertices is denoted by, ν(G) and the number of edges of G is denoted by, ε(G). The degree of a vertex v ∈ V (G) is denoted d G (v) or when the context is clear, simply as d (v) . The minimum and maximum degree δ(G) and ∆(G) respectively, have the conventional meaning. When the context is clear we shall abbreviate to δ and ∆, respectively. Recall that the set of vertices adjacent to a vertex u ∈ V (G) is the open neighbourhood N(u) of u and the closed neighbourhood of u is, N[u] = N(u) ∪ {u}. For a set of distinct colours C = {c 1 , c 2 , c 3 , . . . , c ℓ } a vertex colouring of a graph G is an assignment ϕ : V (G) → C. A vertex colouring is said to be a proper vertex colouring of a graph G if no two distinct adjacent vertices have the same colour. The cardinality of a minimum set of distinct colours in a proper vertex colouring of G is called the chromatic
Stability
In an improper colouring an edge uv for which, c(u) = c(v) is called a bad edge. See [9] for an introduction to k-defect colouring and corresponding polynomials. For a colour set C, |C| ≥ χ(G) a graph G can always be coloured properly hence, such that no bad edge results. Also, for a set of colours C, |C| = χ(G) ≥ 2 a graph G of order n with corresponding chromatic polynomial P G (λ, n), can always be coloured properly in P G (χ, n) distinct ways. The notion of the chromatic completion number of a graph G denoted by, ζ(G) is the maximum number of edges over all chromatic colourings that can be added to G without adding a bad edge [10] . The resultant graph G ζ is called a chromatic completion graph of G. The additional edges are called chromatic completion edges. It is trivially true that G ⊆ G ζ . Clearly for a complete graph K n , ζ(K n ) = 0. In fact for any complete ℓ-partite graph H = K n 1 ,n 2 ,n 3 ,...,n ℓ , ζ(H) = 0. Hereafter, all graphs will not be ℓ-partite complete. For graphs G, H both of order n with ε(G) ≥ ε(H) no relation between ζ(G) and ζ(H) could be found. We state without proof the following six important results from [10] , which form a basis of this paper. 
A main result in the form of a corollary is a direct consequence of Lemma 2.2.
If for all chromatic colourings of G we have that, θ(c i ) ≥ 2 for some c i then, ζ(G) < ε(G). Hence, equality holds if and only if a graph G of order n is complete. Theorem 2.5 ((Lucky's Theorem)). For a positive integer n ≥ 2 and
From Theorem 2.5 the next lemma followed which prescribes a particular colouring convention. It is known that for a graph which does not permit a colour allocation as prescribed in Lemma 2.6, an optimal near-completion ℓ-partition of the vertex set exists which yields the maximum chromatic completion edges [7] . Note that the colouring in accordance with Lemma 2.6 is essentially a special case of an optimal near-completion ℓ-partition of the vertex set V (G). Henceforth, a chromatic colouring in accordance with either Lemma 2.6 or an optimal near-completion ℓ-partition will be called a Lucky colouring denoted by, ϕ L (G). If all possible Lucky colourings of a graph G, yield identical vertex partitions then graph G is said to be, stable in respect of chromatic completion. Such graph is denoted to be, SCC. It means that if χ(G) ≥ 2, the different Lucky colourings only effect pairwise interchange of colour classes. Such different colourings are said to be congruent and is denoted by,
For all graphs for which ζ(G) = 0 it follows that E χ (G) = ∅ and therefore, inherently unique. All such graphs are inherently SCC. Unless mentioned otherwise, graphs for which ζ(G) > 0 will be considered hereafter.
Theorem 2.7. For a graph G, ζ(G) > 0 is SCC if and only if the chromatic completion edge set
Proof. Let the vertices of a graph G of order n ≥ 1 be, v i , i = 1, 2, 3, . . . , n. Assume that the chromatic completion edge set E χ (G) is unique. Then all possible Lucky colourings of G yield identical vertex partitions with only possible interchange of colour classes. By definition G is SCC. Converse: Assume that G is SCC the vertex partitions over all possible Lucky colourings are identical. Since, ζ(G) > 0 at least one edge v i v j ∈ E χ (G) exists. It means that, if for any given Lucky colouring the
Proof. Consider any 2-colourable graph G, ζ(G) > 0. The vertex set can be partitioned in two unique subsets. Only two Lucky colourings are possible i.e. interchanging colours c 1 and c 2 hence, G is SCC. By Theorem 2.7 the result follows. Corollary 2.9. A graph G, χ(G) ≥ 3 which has a pendant vertex is not SCC.
Proof. Let u be a pendant vertex and assume without loss of generality that, c(u) = c 1 . Also assume u is adjacent to vertex v and c(v) = c 2 .
Since χ(G) ≥ 3 a vertex w ∈ V (G) exists with c(w) = c j , j = 1, 2 and edge uw / ∈ E(G). Obviously the colour interchange c(u) = c j and c(w) = c 1 is possible and the colouring remains a Lucky colouring. Also, ζ(G) remains constant. Whereas before the colour interchange, edges uw
w}, these edges do not exist after the colour change. Hence, not all Lucky colourings yield identical vertex partitions. Thus, G is not SCC.
For any proper colouring of a graph with k colours the vertex set can be partitioned into k independent subsets say, X i , i = 1, 2, 3, . . . , k. It is obvious that c(X i ) = c(X j ) if and only if i = j. Call these vertex subsets, chromatic vertex subsets of V (G).
Theorem 2.10. A graph G, ζ(G) > 0 is SCC if and only if for any Lucky colouring the chromatic vertex subsets, X
Proof. For a graph G for which a Lucky colouring exists such that the chromatic vertex subsets, X i , i = 1, 2, 3, . . . , χ(G) are such that every vertex v ∈ X i , ∀i is adjacent to at least one vertex u ∈ X j , j = 1, 2, 3, . . . , i − 1, i + 1, . . . , χ(G) implies that identical vertex partitions are yielded for all Lucky colourings. Hence, G is SCC.
Conversely, let G be SCC. Consider a Lucky colouring and its corresponding chromatic vertex subsets, X i , i = 1, 2, 3, . . . , χ(G). If a vertex v ∈ X i exists such that v is not adjacent to any vertex in say, X j , i = j then v may be coloured c(X j ) whilst ζ(G) remains unchanged. Now the chromatic vertex subsets changed to include X i \v and X j ∪ {v}. It implies that G is not SCC which is a contradiction. Hence, v must be adjacent to at least one vertex v j ∈ X j , ∀j, j = 1, 2, 3, . . . , i − 1, i + 1, . . . , χ(G).
An important implication is that a graph G which satisfies the conditions of Theorem 2.10 in respect of its chromatic vertex subsets, has a unique set of chromatic completion edges.
Recall that the rainbow neighbourhood convention prescribed that we colour the vertices of a graph G in such a way that C 1 = I 1 , the maximal independent set in G, C 2 = I 2 , the maximal independent set in G 1 = G − C 1 and proceed like this until all vertices are coloured [3, 4, 5] . In [3] the concept of a rainbow neighbourhood yielded by vertex u in graph G was introduced. It is important to note that the graph G had to be coloured in accordance to the rainbow neighbourhood convention to determine the rainbow neighbourhood number, r χ (G) of a graph G. Hence, well-defined colouring conventions may serve to generalise the concept of the rainbow neighbourhood number i.e. the number of vertices which yield rainbow neighbourhoods in G. The rainbow neighbourhood number associated with a Lucky colouring of a graph G will be denoted by, r L (G).
Theorem 2.11. A graph G is SCC if and only if for a Lucky
Proof. If r L (G) = |V (G)| = ν(G) then every vertex is adjacent to at least one coloured vertex of each colour in a Lucky colouring of G. By Theorem 2.10 it follows that G is SCC. Conversely, if G is SCC then by Theorem 2.10 the result follows.
Since a Lucky colouring is a relaxation of the Rainbow Neighbourhood Convention it follows that if a graph is SCC in respect of a colouring in accordance with the Rainbow Neighbourhood Convention, it is SCC in accordance with a Lucky colouring. In fact, it follows that in respect of such G both colouring conventions are congruent colourings. See [3, 4, 5, 12] for further results in respect of rainbow neighbourhood numbers.
Chromatic completion and stability in respect of J -colouring
Thus far the notion of chromatic completion of a graph related strictly to chromatic colourings by the convention of Lucky colourings. This requirement can be relaxed to generalise over all chromatic colourings ϕ χ (G). Clearly, we have by analogy that, ζ ϕ (G) ≤ ζ(G). We further generalise to a recently introduced colouring convention called Johan colouring or J -colouring [6, 7, 8, 11] . The chromatic completion edge set denoted by E J (G), will be investigated. Corresponding to a Jcolouring the cardinality of the chromatic completing edge set is denoted by, ζ J (G) = |E J (G)|. Recall the definition from [11] . Recall that not all graphs permit a J -colouring [11] . Unless stated otherwise, all graphs in this subsection will permit a J -colouring. 
Definition 3.1. A maximal proper colouring of a graph G is a Johan colouring of G, denoted by J -colouring, if and only if every vertex of G yields a rainbow neighbourhood of G. The maximum number of colours in a J -colouring is called the J -chromatic number of G, denoted by J (G).
Proof. That ζ ϕ (G) ≤ ζ(G) holds follows directly from Theorem 2.5. The result ζ(G) ≤ ζ J (G) is a direct consequence of the number theoretical result (or optimal near-completion ℓ-partition) as the number of colours i.e. ℓ, increases whilst the order of G remains constant.
Proposition ?? can informally be understood by saying, that if for a particular Lucky colouring, some vertices in some colour classes are allocated new colours, then more edges are permitted in terms of the definition of chromatic completion of a graph. 
An example is that, the alternating colouring c(v i ) = c 1 , c(v i+1 ) = c 2 , i = 1, 2, 3, . . . , n − 1 of the vertices of an even cycle graph, C n , n ≥ 4 is firstly, a J -colouring because it is a maximal proper colouring with each vertex yielding a rainbow neighbourhood in C n . It follows easily that the colouring is indeed a Lucky colouring followed by the implication that it is a chromatic colouring. Clearly, for all three colouring conventions the even cycle graph is SCC as well as, E ϕ (G) = E L (G) = E J (G). and unique to C n , n ≥ 4, n even. Since any graph G is k-colourable for some k ≥ 1 it is chromatic colourable. Therefore, it permits a Lucky colouring. However not all graphs permit a J -colouring. This observation leads to the next result.
Theorem 3.5. A graph G which does not permit a J -coloring is not SCC.
Proof. A graph G which does not permit a J -colouring has for all proper colourings, including all Lucky colourings, a corresponding colour class vertex partition such that a vertex v, c(v) = c i exists which is not adjacent to at least one vertex in each colour class C j , j = 1, 2, 3, . . . , i − 1, i + 1, . . . , χ(G). Hence, by Theorem 2.10, G is not SCC.
Put differently, Theorem 3.5 implies that the set of SCC graphs is a subset of the set of J -colourable graphs. As example, it follows that any graph G which contains an odd cycle of length n ≥ 5 and n ≡ 1 or 2 (mod 3) is not SCC. See [??] for J -colourable results on odd cycle graphs.
Elementary Graph Operations
In this subsection the disjoint union and the join of graphs G and H are considered. In the disjoint union operation between graphs G and H the respective values, ζ(G) and ζ(H) remain the same if ϕ L (G),, ϕ L (H) remain the same. The term
It is also possible (not necessarily) to find a pair of vertices
The complexity to improve on the lower bound of Proposition 3.1 stem from the facts that firstly, χ(G∪H) = max{χ(G), χ(H)} and secondly, that the value χ(G ∪ H) must be applied to ν(G ∪ H) = ν(G) + ν(H) vertices to find an appropriate optimal near-completion ℓ-partition.
Conjecture 4.2. If both graphs G, H permit a Lucky colouring as prescribed in accordance to Theorem 2.5 and Lemma 2.6 then, ζ(G
The graph (G − E(G)) + (H − E(H)) is a spanning subgraph of G + H and chromatic completion does not result in additional edges uv, u ∈ V (G), v ∈ V (H). Since χ(G + H) = χ(G) + χ(H) with colours say, C = {c 1 , c 2 , c 3 , . . . , c χ(G) , c χ(G)+1 , c χ(G)+2 , c χ(G)+3 , . . . , c χ(G)+χ(H) }, the values ζ(G) and ζ(H) remain the same in the join operation between graphs G and H. Hence, ζ(G+H) = ζ(G)+ζ(H) for all graphs. It thus follows that ζ(K 1 + H) = ζ(H). Despite this trivial observation it is hard to find ζ(G • H) in general, where G • H denote the corona graph. 2, 3, . . . i − 1, i + 1, . . . , χ(G) . Thus, by Theorem 2.10, G is SCC. Similarly it follows that H is SCC. Conversely, if both G and H are SCC the join operation implies that uv ∈ E(G + H), ∀ distinct pairs u ∈ V (G), v ∈ V (H). Hence, G + H is SCC. Clearly, if say G is not SCC and H is SCC then, by Theorem 2.10, G + H is not SCC because there exists at least one vertex v ∈ V (G), c(v) = c i which is not adjacent to at least one vertex coloured c j , 1, 2, 3, . . . i − 1, i + 1, . . . , χ(G).
Proposition 4.1 read together with
ζ(G + H) = ζ(G) + ζ(H) implies that, ζ(G ∪ H) ≥ ζ(G + H).
Conclusion
Lucky's theorem read with Lemma 2.2 allows for the determination of an upper bound of ζ(G). Note that for two proper colorings say,
which are both allocated according to Lemma 2.6 or as a near-completion k-partition and a near-completion (k + t)-partion respectively, then ε(G ϕ ′ ) ≥ ε(G ϕ ), where ε(G ϕ ′ ), ε(G ϕ ) denote the respective proper colouring completion graphs. The aforesaid leads to the following algorithm which provides an upper bound on ζ(G). For the purpose of the algorithm we utilise a deviation of the minimum parameter indexing of the vertices. 5.1. Near-Lucky proper coloring of graph G. Consider a graph G of order n ≥ 1 with vertices v i , i = 0, 1, 2, . . . , n − 1 such that,
Step 1: Let j = 1, C j = C and i = j. Go to step 2.
Step 2: Step 3: Let j = i + 1. If j > n − 1, go to step 4. Else, let i = j. Go to step 2.
Step 4: Let ϕ ′ : V (G) → C i and stop.
Clearly the algorithm is finite and results in |C n | ≥ |C|. Hence, it follows easily from Lucky's theorem read with Lemma 2.2 that, ζ(G) = 
